Section 2.2/2.3
Limits
Definition of a Limit

limf(x)=L

X—a

The limit of f (x), as x approaches a, equals L

We can make the values of f (x) arbitrarily close to L by taking x to be sufficiently close
to a (on either side of a) but not equal to a.

Evaluating limits using the graph of a function

Example 1

Find the limit: lim x® +1

X—1

Find the limit of the function as x approaches 1

9 99 999 11 1.01 1.001

X .
f(x) 1.810 |1.980 | 1.998 2.210 2.020 2.002

The values in the table seem to approach 2 as x approaches 1. There the limit of function
as x approaches 1 is 2. This is written symbolically as Iirrlw x> +1=2




Example 2

Using the graph below evaluate each limit.
a) Find Iirr;f(x) : Solution Iin;f(x)zz
b) Find Iirg)f(x) : Solution Iing f(x)=-2

c) Find Iirpzf(x) . Solution Iirpzf(x):Z




Example 3

2--#___..-*0

ix)

-

-3

Find lim f(x): Solution lim f(x)=3

X—>—2" X—>-2"

Find lim f(x): Solution lim f(x)=1

X—>—2 X—>-2

Find lim f (x): Solution I|m f(x) DNE

X—>—2

Find lim f (x): Solution I|m f(x)=2

x—1"

Find lim f (x): Solution I|m f(x)=2

x—1*

Find lim f(x) : Solution I|m f(x)=4

x—3~

Find lim f(x) : Solution I|m f(x)=0

x—3"

Find Im; f (x): Solution |If2 f (x) DNE




Example 4
Using the graph below evaluate each limit.

a) Find Iin; f(x): Solution Iin; f (x) = Does Not Exist
b) Find Iim7f(x): Solution lim f(x)=-4

X—>—7

c) Find Iing f(x): Solution Iirrg f(x)=2

Example 5

Using the graph below evaluate each limit. Find Iirr; f(x):

Solution Iir131 f (x) = Does Not Exist

O T B [ T T T[T T T[T T T [ TTTT[TTTT]
-2 -1 ! 2 4 5

X




Recall from example 1: limx® +1=2
x—1

Definition 1: lim f(x) = f(c)

Thus the limit in the above example can be found by using definition 1,
Iirrll fx)=f(1)=1"+1=1+1=2

Example 6

Find lim x3

x—3

Solution: Iirr; x3=3%=27

Example 7

Find lim x? +5x

X—>—4

Solution: Iirp4x2 +5x =(—4)> +5(-4) =16 -20 = -4

Example 8

Find lim—>_
x—3 X_3

Solution: Iimi:i :E Undefined
x>3x—-3 3-3 0

Limit does not exist




Example 9

Find Iin? A2x=5

Solution: lim V2x -5 = ,/2(1) -5 = V25 = v/~ 3 Undefined

Limit does not exist

Example 10

Find lim—;
x>3 X -9

L X=3 . X—3 .1 1 1
Solution: lim—; =lim—=lim—=———==
8 x* =9 8 (x-3)(x+3) *3x+3 3+3 6

In example 5, if you substitute 3 in for x before you reduce the polynomial down,

you will get an undetermined form. %

Example 11

Find lim 2~ %
=2 X —4

L 2=X . -(x-2) .o =1 -1 1
Solution: lim—; =lim———=lim——= =
x>2 X% =4 o3 (X—2)(X+2) »>8Xx+2 242 4

Example 12

2
Find lim' 1 ~2
t-1 t° -1

2
Solution: fim' T1=2 _jj (2D _ 42 _1+2 3
-1 1t -1 ol (t-(t+1) ©3t+1 141 2




Example 13

Find lim 2X=°
x——1 3_)(

Solution: lim AX=5 _ A1) -5 _—4-5_ 9
=>13-x  3-(-1) 4 4

Example 14

Find lime*™

X—2

Solution: lime*? =e?? =¢% =1

X—2

Example 15

Find limsin x
x—>%

s
X—>=

Solution: limsinx = sin(%j =1

Example 16

2
Find IimM

h—0
Solution:
2 2 2
Iirn(h+1) —1:"m(h+l)(h+1)—1:"mh +h+h+1-1_ . h*+2h . h(h+2)
h—0 h h—0 h h—0 h

m
h—0 h h—0 h
:”@h+2:0+2:2




Example 17

2 —
Find “mt+—93

th—0 t2

\/— 3 («/t2+9—3X«/t2+9+3) (Ve vof +3dt?ro-3/ 99

=lim

th»O h»O t2(1t2+9+3) t—0 t2(1t2+9+3)
im0 i — lim t _t 1.1
=0t it+9+3) 0 ¢ ‘t+9+3) “’0 t+9+3) Jo?+9+3 J9+3 3+3 6
Limit Laws
1) tim(f (x) + g(x)) = lim f (x) + lim g (x)
2) lim(f (x) = g(x)) = lim f (x) — lim g (x)
3) lim(f(x)-g(x))=lim f(x)-limg(x)
lim f (x)
4) |im(f(X)J= o
=a g(x))  limg(x)
5) limc- f (x) = c- lim f (x)
Example 18
Find |in3—“5_x_\/g
B - f Iim\/s—x—\/i_\/5—x+\/§:“m(\/s—x)z—\/E\/5—x+\/§\/5—x—5
s x>0 X VE—x+4B6 0 x(\/a +\/§)
5-x-5 . - X . -1 -1 -1

=lim =lim

=0 x(J5-x +5) * Ox(\/S——x+\/§):|Xm\/5——x+\/§ " 5045 245




Example 19

S
;M\

'
-

f (x) —green line
g(x) —red line

Use to the above graph to evaluate each limit

1) Find Ixim(f(x)+g(x))
lim(f (x)+g(x)) = lim f () +lim g(x) = 0+ 2

2) Find lim(f (x) - g(x))
lim(f (x) ~ g () =lim f ()~ limg(x) = 0 -2 = -2

3) Find lim(f (x)-g(x))
lim(f (x)- g(x)) = lim f (x)-limg(x) =0-2=0
@IM(HQJ

x—0 g(x)

nm(””J—meu)_Q
x>0 g (X)

_nﬂmm_z




Example 18

Evaluate lim(2x° +[2x +3)
X—2

lim(2x° +[2x+3) = lim2x° + lim|2x + 3 = 2(2° )+ 2(3) + 3= 2(8) +[6 + § =16 +[9 =16+ 9 = 25

Example 20 Find IimM

x—=>0 X

. X )
I|mU does not exist
x=0 X




Example 21 Find IimM

x—0 X

. sin(x
lim SN _
x—0 X

1



