Section 1.6
Inverse Functions and Logarithms

One-to-one functions

Definition: A function f is an one-to-one function if it never take one the same value
twice. If f(x,) = f(x,), then x, =x;

Horizontal Line Test: A function is one-to-one if and only no horizontal line intersects
its graph more than once.

Graph of a one-to-one function
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Graph of a function that is not one-to-one




If a function is one-to-one, then it has an inverse

Inverse functions

i) =ye f(x)=y
domain of f ' =rangeof f
range of f ' =domain of f

The relationship between the inverse function and the composition

f(f2(x)=xand f(f(x)=x

Example 1

Find the inverse of the function and show that f (f ™(x)) = x and f ™*(f(x)) = x given
f(x)=2x-3

First, find the inverse.

f(x)=2x-3
y=2x-3
X=2y-3
X+3=2y
X+3 X+3

—= f(X)=——
Y= 100=—

ey o 1(XF3) o X43) 5. a as
f(f (x))_f( 5 J_Z( 5 j 3=x+3-3=X

2X—3+3 2X
_—=—=X

FA(F) = @13 == >




Example 2

Find the inverse of the function and show that f (f ™(x))=x and f ™ (f(x)) = x given
f(x)=x*-3

f(x)=x*-3
y=x>-3
x=y>-3
x+3=y°
3oy

f(x)=3x+3

F(F2(x) = f@/x+8)={/x+3) ~3=x+3-3=x

FLF(X) = F (¢ -3)=¥/x—3+3=3x* =x

Basic Logarithms

Definition of a logarithm

log, x=y<a’ =x

Example 3

a) Write log, 64 = 3 as an exponential expression.
log, 64 =3 = 4° =64

b) Write Iogs(z%j =-2

1 1
log.| = |=—2=52=—
gs(zsj 25




Example 4
a) Find log, 16

log, 16 = X
2" =16
2" =2"
x=4

] 1
b) Find log, —
) 942y

Iog4i=x
64

1

64

_ 1

=3

4 =473

X=-3

4%

4)(

Rules for Logarithms

1) log, (xy) =log, x+log, y
X
2) Ioga(ﬂ =log, x—log, y

3) log,(x") =rlog, x (where is any real number)

Example 5
Simplify log, 20 -log, 5

log, 20-1log, 5 = Iog{?) =log,4=2




Example 6
Simplify log, 8+ log, 8

log, 8+log, 8 =log,(8-8)=log, 64 =3

Change of base formula.

loga
log, a=—-—
I logh
Example 7
Evaluate log, 40 = log40 _ 1.6021 _ 2.033
log6  .7882

The Natural Logarithm

log, x=y=e’ =x

Basic natural logarithm rules

1) Inx+Iny =In(xy)
2) Inx—Iny = |n(5J
y

3) In(xa)z alnx

4) e™ =x and In(ex)z X




Example 8

Simplify In4+3In2

IN4+3IN2=In4+In2° =In4+In8=1In(4-8) =In32

Example 9

Find log, 256

log, 256 = x = 4* =64 = 4" =4° = x =3

Example 10

) 1
Find log. —
95125

Note: 10g(100) is understood to be log,, (100)
Therefore, you solve this logarithm as follows:

log,, (100) = X = 10* =100 = 10* =10° = x = 2




Graphs of the natural log and log functions

Example 11

Graph f(x) =log(x) +2

X f(x) =log(x) +2

1 f@Q=log)+2=0+2=2

10 f(10) =log(10)+2=1+2=3

20 f(20)=log(20)+2=1.3+2=3.3
30 f(30) =10g(30)+2=15+2=35
100 f (100) =log(100) +2=3+2=5
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Domain: (0,)
Range: (—o0, )




Example 12

Graph f(x) =log(x—3)

X f(x) =log(x—23)
4 f(4) = log(4—3) = log(1) = 0
10 f (10) =log(10-3) =log(7) =.85
20 f(20) = log(20—3) = log(L7) = 1.23
30 f(30) = log(30—3) = log(27) = 1.43
100 f(100) = log(100 —3) = log(97) =1.99
0.0
?.5—:
y 5.0
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Domain: (3,)
Range: (—o0, )




Example 14

Solve e** =8
e2X :8
In(ezx): In8
(2x)Ine=1In8
2x:|n—8
Ine
Ine
E.Zle.ln_8
2 2 Ine
_ In8
2lne
Example 15

Solve 3In(x+1) =2

3In(x+1) =2
ESIH(X+1) — e2
3eln(x+l) — eZ
3(x+1) =e?
3x+3=¢?
3x=e?-3
e?-3
X =

3




Example 16

Solve e*° =5
e*® =5
In(ex‘3):ln5
(x=3)Ine=1In5
(x=3)@@) =1In5
x—3=1In5
x=In5+3

X~ 4.61

Example 17

If a bacteria population starts with 100 bacteria and double every 30 minutes, then the
number of bacteria after t hours is B(t) =100(2)*. How much time will it take for the
population to grow to 30,000 bacteria?

B(t) = 100(2)*
30000 =100(2)*
30000 100(2)*

100 100
30 = (2)%

log(300) = log((2)? )
log(300) = 2tlog(2)

ot — log(300)
log(2)
. log(300)
~ 2log(2)

t = 4.11 hours




Example 18

Find the inverse of f(x) = eV

f(x)=e"
y=e"
x:efy




Example 19

If a bacteria population starts with 200 bacteria and double every three hours, then the
t

number of bacteria after t hours is B(t) = 200(2)?

a) Find the inverse of the function.

B(t) = 200(2)%

t
y = 200(2)*

w <

t = 200(2)

y
3

t  200(2)
200 200

logt — log(200) =%Iog(2)

y _logt—1log(200)
3 log(2)
_ 3(logt —1o0g(200)
- log(2)
3(logt —log(200))
log(2)

B (1) =
b) When will the population reach 10,000 bacteria

3(10910000~ 10g(200)) _ 3(4-2.30) _3(A.7) _ 51 . 4o
log(2) 301 301 301

B~(10,000) =



