Section 1.5 (Limits)
Definition of a Limit

lim f(x)=L

xX—a

The limit of f(x), as x approaches a, equals L

We can make the values of f(x) arbitrarily close to L by taking x to be sufficiently close to a (on

either side of a) but not equal to a.

Evaluating limits using the graph of a function

Approximating Limits

lirrllx2 +1

x 9 99 .999 1.1 1.01 1.001

fx) | fC9) f9) 79 f9) .01 £(1.001)
=97 +1 =.99% +1 =.999% +1 =1.17 +1 =1.01>+1 | =1.001° +
=1.81 =1.98 =1.998 =221 =2.02 =2.002

The limit as x approaches from the right or “Right hand limit”

limx?+1=2

x>t

The limit as x approaches from the left or “Left hand limit”

limx?+1=2

x—=1"

The regular limit

limx?+1=2

x—1




Example 1

. sinx

lim

x—0 X

X -1 - .01 —.001 1.1 1.01 1.001

f(x) | fD (=01 £(-.001) £(0.1) £(0.01) £(0.001)
_sin(~.1) | _sin(=.01) | sin(-.001) | sin(0.1) | _sin(0.01) | _sin(0.001)

~.1 - .01 —.001 0.1 0.01 0.001

=.988 =.999 =.9999 =.988 =.999 =.9999

lim > g

x—0 X




Example 2

limln(x+1)

x—0 X

X 1 01 .001 ~.1 —.01 ~.001

S | fCD f (01 J(.001) f=D (=01 f(=.001)
CIn(1+1) | mn(01+1) | In(001+1) | In(-.1+1)| In(-=.01+1)| In(~.001+1)

1 01 .001 ~.1 -.01 —.001

=.953 =.995 =.9995 =1.05 =1.005 =1.0005

lim In(x+1) _1

x—0 X

)




Example 3

limx? =3

x—1

limx?-3=2

x—1



Example 4

a) Find £1_r>r21 f(x)
Solution: £1_1>121 f(x)=2
b) Find }1_)1{13 f(x)
Solution: }1_{{13 f(x)=4
¢) Find }gg} f(x)
Solution }Lrg} f(x) =1 Left hand limit (The y value x approaches from the left)

d) Find lim f(x)
x—0"
Solution: lim f(x) =4 Right hand limit (The y value x approaches from the right)
x—0"

e) Find lim f(x): Does Not Exist The limit doesn’t exist since the right hand and the
x—0

left hand limits are different.



Example 5

f(x) = «

2

a) Find 1i1121 f(x):
Solution: No Limit (Limit does not exist)
b) Find lin(} f(x):
. . 1
Solution: lim f(x) =—
x—0 2
¢) Find lin31 f(x)

Solution: 1i1131 f(x)=1




Find the limit using the graph of the function

Example 6
lim tan x

(Does not exist)

lim tan x
3z



Example 7

Find each limit.
a) 1in_l3 f)=

b) lim f(x) =

Solution:

lim3 f(x) Does not exist
x——

lirr31 f(x) Does not exist
x>




Example 7

Using the graph below evaluate each limit.
a) Find £1£>1; f(x) : Solution £1£>1; f(x)=2
b) Find }LI{IO f(x) 1 Solution 1{1_r)101 fx)=-2
¢) Find }Lr{lz f(x) : Solution }Lr{lz f(x)=2




Example 8

ix)

2-{______..--0

=

a) Find lim f(x): Solution lim f(x)=3

x—>-2" x—>-2"
b) Find lim f(x): Solution lim f(x)=1
x—-2% x—-2"

¢) Find }Lrg f(x): Solution }Lrg f(x) DNE
d) Find )lcl—gl f(x): Solution xl_l)r_rll fx)=2
e) Find lirf} f(x): Solution 1_1>rr11 f(x)=2
f) Find )il_)t? f(x) : Solution Xlilg f(x)=4
g) Find Ergl f(x) : Solution Ergl f(x)=0
h) Find il_r)r% f(x): Solution }lr? f(x) DNE




Example 9

Using the graph below evaluate each limit.
a) Find {1})151 f(x):  Solution £1E)151 f(x) = Does Not Exist
b) Find }LIE f(x): Solution }LIE f(x)=—4
¢) Find 1{1_{% f(x):  Solution 1{1_r>r01 f(x)=2




