Math 151
Section 2.5

Implicit Differentiation
The functions we have use so far have been described in terms of one variable.

y = X +4x

y =sin(x)

Functions can also be described implicitly, in other words described in terms of two or
more variables.

x> +y? =4
2x> +y® +5x =6

This is how to find the derivative of a function using implicit differentiation.

Example 1

Find the derivative using implicit differentiation.

x?+2y? =3
x?+2y? =3
d(, ,\ d
—IX*+2y°)=—3
dx( y) dx
ix2+12y2:0
dx dx
2x+4yﬂ:0

dx

dy

— =-2X

ydx

dy 2

dx 4y

dy X




Example 2

Find the derivative using implicit differentiation.
x> +Xxy+6y°> =5

x> +xy+6y>=5

%(x2 + xy+6y2):%(5)

ix2 JrinyriGy2 =0
dx

dx dx
2x+y+xﬂ+12yﬂ:0
dx dx
dy dy
X—+12y — = -2x -
dx ydx y
dy
X+12y)—==—-2Xx +
(x+12y) =~(2x+y)
dy __2x+y
dx X+12y
Example 3

Find the derivative using implicit differentiation x*y + xy* = 9x°

X%y + xy* = 9x?

d d
&(x2y+xy2):&(9x2)
2Xy + X2y + y? + 2xyy’ =18x
X%y’ +2xyy’ =18x — 2xy — y?
(x2 + 2xy)y' =18x—2xy -y’

,_18x—2xy-y?
X% + 2xy




Example 4
Find the derivative using implicit differentiation x*y? +x*cosy =6

x*y% + x*cosy =6

d 2.,2 2 d
—Ix X“Ccosy)=—6
dx( y y) dx

2xy? +2x%yy’ + 2xcosy — x*sinyy' =0
(2x2y +x° cos y)y' +2xy? +2xcosy =0
(szy +x%cos y)y' = —(2xy2 +2XC0S y)
,__2x’y+2xcosy
2x%y + x*cosy
,  2Xy+2c0Sy
- 2Xy + XCO0S Y

Example 5
Find the derivative using implicit differentiation y*e* +5x = 6y

y’e* +5x =6y
%(yzeX +5x):%6y
y’e* +2ye*y' +5=6y’
2ye*y’ -6y’ =—y%*e* -5
(2ye* —6)y’ = —(y%e* +5)
,__y’e*+5
2ye* —6




Example 6

Use implicit differentiation to find the equation of a tangent line to the curve at the given
point. 2x* +3xy+y®=6; (1,1)

2x> +3xy+y> =6

d 5 2 d
—\2X° +3xy + =—(6
dx( y y) dx()

4X+3y+3xy'+2yy'=0
3xy'+2yy' = -4x -3y
(3x+2y)y’ = —(4x +3y)
, 4x +3y

T 2y

_ AD+3Q) 4+3 7

3D+2(1) 3+2 5

7

1= —"(x-1
y 5( )
7 7
1=ty L
y 55
7 12
y=——X+—

5 5




Example 7

Use implicit differentiation to find the equation of a tangent line to the curve at the given
point. x> —xy+y?=1;(1,1)

x> —xy+y?=1

d(, ,\ d

—IX*=xy+y°)=—(0
Ly y?)=—(0)
2X—y—xy'+2yy'=0
—Xy' +2yy' =-2x+Yy
(2y-x)y'=y-2x

y —2X

2y — X

y'=

Jl-2) -1
20)-1 1
y—-1=-1(x-1)
y-1=—x+1
y=—X+2

Example 8
Find the derivative using implicit differentiation 2sinxcosy =1

2sinxcosy =1

d ) d
—(2sinxcosy)=—(1
~t V)= @

2c0osxcosy —2sinyy'ysinx =0
—2sin xsin yy' =—-2c0s xcos y
, —2C0SXCoSy

__—Zﬁnxdny
y'=cotxcoty




Example 9

Find the derivative % using implicit differentiation.
X

sinx+4cos3y =1

Find the derivative

d,. d
—(sinx+4cos3y)=—(1
~ y)=4 @

COSX — 4sin3y(3)ﬂ =0
dx

COSX —123in3yﬂ =0
dx

—123in3yﬂ:—cosx
dx

dy  —cosx

dx  —12sin3y

dy  cosx

&_123in3y

Example 10

Find the derivative by implicit differentiation and find the slope of the tangent to the
curve at the given point.

x*-y*=0: (11)
d/, 3 d
~(x*-y*)=—100
dx( y) dx()
3x2—3y2ﬂ:0
dx
dy
S W A e
y dx
2 2 2
y_—Bx ﬂ:y—zzmzl——l

= = =
dx —-3y* dx x 1°




Example 11

Find the derivative using implicit differentiation, and evaluate the derivative at the
indicated point

xy? =6: (6,1)

dy 1 1




Example 12
Famous Curves

Find the slope of the tangent line to the graph at the point (2,2)

Cissoid: (4—-x)y? = x°

22

(4-x)y? =x°
d »1_d s
&(‘FX)V ]—&X
i(4—x)y2 +iy2(4—X)=3X2
dx dx
(1)y? +2yy'(4—x)=3x*
—y?+2y(4-x)y' = 3%
By —2xy)y’ = y? +3x°

, Yy 43

- 8y —2xy

CyP3x® 224328 4412 16

At(22):y'= 8y—2xy 8(2)-2(2)(2) 16-8 8




