Math 151

Section 2.1

Limit Definition of a Derivative
Rate of change = slope

Tangent lines

Secant lines




The limit definition of a derivative

Find the slope of the tangent line

m = Y = Vi
Xy =X

o lim f(x+h)- f(x)
h>0  X+h-X

o lim f(x+h)- f(x)

h—0 h

Therefore, the derivative of the function is:

(9 = lim f(x+hh)— f(x)



Example 1

Use the limit definition of a derivative to find the derivative of the function

f(x)=3x+4

(0 = lim f(x+h)-f(x)
£1(x) = IXm3(x+h)+;1—(3x+4)
£1(x) = ngx+3h+h4_3x_4

N |
o=l
f(x):Llirg3

f'(x)=3

Example 2

Given f(x) =5x+3, find f'(x)using the limit definition of a derivative.

£(x) = lim

f(x+h)—f(x)

h—0 h

_ IimS(x+h)+3—(5x+3)
h—0 h

. 5Xx+5h+3-5x-3
=lim

h—0




Example 3

Given f(x)=x*-2, find f'(x) using the limit definition of a derivative.

1:,(X):"mf(x+h)—f(x)
h—0 h
2 2
:"m(x+h) -2—-(x"-2)
h—0 h
2
=Iim(x+h)(x+h)—2—x +2
h—0 h
. X2+ xh+xh+h?-2-x*+2
=lim
h—0 h
. X?+2xh+h?-2-x?+2
=lim
h—0 h
. 2xh+h?
=lim—————
h—0 h

_ 'mwzlhingZx+h:2x+0:2x




Example 4

Given f(x)=x*+5, find f'(x)using the limit definition of a derivative.

f(x) = lim

h—0
2 2
:"m(x+h) +5—-(x°+5)
h—0 h
— 2_
:"m(x+h)(x+h)+5 X“—5

h—0 h

f(x+h)—f(x)
h

. X2+xh+xh+h?+5-x%-5
=lim

h—0 h

. x*+2xh+h?+5-x%-5
=lim

h—0 h

. 2xh+h?
=lim

h—0 h
_im N2x+h)

h—0 h

=lim2x+h
h—0

=2x+0
= 2X




Example 5

Find the derivative using the limit definition of a derivative.
f(x) =x*+3x

Solution:

£10%) = lim f(x+hh)— f(x)

h—0

(x+h) +3(x+h)—(x +3x)

0=t :
or v (x+h)(x+h)+3x +3h —x*-3x
0= i :
£ = lim x? + xh+ xh+h® +3x+3h—x* - 3x
N h
£00 = lim x? +2xh+h+3x+3h—x* -3x
T ho0 h
2
fxm=nm2”””‘+3h=nmh@x+h+$=nm2x+h+3=2x+0+3=2x+3
h—0 h h—0 h—0
Example 6

Find the derivative of f(x)=x°-4

f%m=ﬁgf@+?_f@)

_ Iim(x+h)3 —4—(x3 —4)
h—0 h
B Iim(x+h)(x+h)(x+h)—4—x3 +4
" ho0 h
~ “m(x2 +2xh+h?)x+h)-4-x>+4
~ ho0 h
_lim x* +3xh? +3x*h+h*-4 - x* + 4
h—0 h

3x%h +3xh? + h®

=lim
h—0

h(3x +3xh + h?)

=lim
h—0

= Lirr(}Sx2 +3xh +h? =3x* +3x(0) + 0% = 3x*




Example 7

Find the derivative of f(x)= %
X —

f’(X) — lim f(X+ h)_ f(X)
h—0 h
1 3 1
—limXth-4 x-4

h—0

1 (x-4) 1 (x+h-4)
m(x+h—4ﬂx—4) (x—4)(x+h—4)

h—0 h
X—4 X+h-4
:“m(x+h—4Xx—4f_&—4Xx+h—4)
h—0 h
X—4—(x+h-4)
. (x+h-4)x-4
i 2= t10-
X—4-Xx—h+4
x+h-4)x-4)

=Hm(
h—0

h
x+h—4)x-4)

:Hm(
h<0

=lim 1
-0 (x +h—4)x—4)

1
(x+0-4)x—4)
1

(x-ay




Example 9

Find the equation of tangent line to the curve f(x) = x* —3x at the point (1,—2)

£10%) = lim f(x+h)-f(x)

h—0 h
f,(X):“m(x+h)2—3(x+h)—(x2—3x)

h—0 h
von o (x+h)(x+h)=3x—3h-x*+3x
09 - :
f,(x)_”mx2+xh+xh+h2—3x—3h—x2+3x

o0 h
f,(X)_”mxz+2xh+h—3x—3h—x2+3x

 hs0 h

2

f'(x)=|hin32"h+—:]‘_3h=Lingw=|hin32x+h—3=2x+o—3=2x—3

Now find the slope

f')=20)-3=-1>m=-1

Y=y, =m(x-x)
Y= (-2) =-1(x~1)
y+2=-x+1

y=-x-1




Example 10

Find the derivative of

1
f(x)=——
) X+2
1 1 1 1
£ = lim T O =F0) o (k)42 X422 x+2
h—0 h h—0 h h—0
X+2 B X+h+2 X+2-(X+h+2) X+2-Xx—h-2
:”m(x+h+2)(x+2) (X+h+2)(x+2):lim (X+h+2)(x+2) :"m(x+h+2)(x+2)
h—s0 h h—0 h h—0 h
-h -h 1
_lim (x+h+2)(x+2):“m(x+h+2)(x+2) h:lim -1 _ -1
h—0 h h—0 h-l -0 (x+h+2)(x+2) (x+0+2)(x+2)
h
-1 1
= r

(x+2) o ax+a

Example 11

Find the derivative of the function f(x)=+/x-3

f(x+h)—f(x) _“m\/x+h—3—\/x—3 ~ ”m(\/x+h—3—\/X—B)(\/x+h—3+\/x—3)
h " hoo h " hoo h (Wx+h=-3-+/x-3]

_ “m(\/x+h—3)2 —Jx+h—3\/x—3+Jx+h—3\/x—3—(Jx—3)2 _im_X+th-3-(x-3)

h-0 h(\/x+h—3—\/x—3) h-o h(\/x+h—3+\/x—3)

_lim X+h-3-x+3 . h 1 1

£(x) = lim

h—0

=1im =lim =
0 hiyx+h-3+4x=3) MOh{{x+h-3+x=3) "9x+h-3+/x=3 +x+0-3++/x-3
B 1 1
Vx=3+4/x-3 2Jx-3




