Math 151
Section 2.5

Implicit Differentiation
The functions we have use so far have been described in terms of one variable.

y=x"+4x

y = sin(x)

Functions can also be described implicitly, in other words described in terms of two or
more variables.

X +y =4
2x°+y>+5x=6

This is how to find the derivative of a function using implicit differentiation.

Example 1

Find the derivative using implicit differentiation.

x> +2y* =3
x*+2y° =3
d 2 2
— W +2y")=—3
e +2y?)=-
i)c2+i2y2:
dx dx
2x+4yﬂ=0
dx
dy
4y—=-2x
ydx
dy __2x
dx 4y
dy X




Example 2

Find the derivative using implicit differentiation.
x*+xy+6y° =5

X +xy+6y> =5

%(xz + xy + 6y2)=%(5)

ix2 +ixy+i6y2 =0
dx dx dx

2x+y+xﬂ+l2yﬂ=0
dx dx
dy dy
x—+12y—=-2x—
dx ydx Y

(x+12y)ﬂ =—(2x+y)
dx

dy _ 2x+y
dx x+12y
Example 3

Find the derivative using implicit differentiation x°y + xy* = 9x”

xzy+xy2 =9x?

< ox?)

%(Xzﬁxyz):a

2xy+ x>y + vy +2xyy’ =18x

x>y +2xyy" =18x—2xy — y*

(x2 +2xy)y'= 18x—2xy—y’
;o 18x—2xy—y*

x>+ 2xy




Example 4
Find the derivative using implicit differentiation x*y* +x*cosy =6

x’y*+x*cosy=6

i(xzy2 +x° cosy):i6
dx X

2xy” +2x*yy +2xcosy—x’sinyy =0

(2x7y +x? cos y )y’ + 2xy” + 2xcos y = 0

(2x2y + x? cos y)y' = —(2xy2 +2xcos y)
,_ 2x’y+2xcosy

2x>y+x°cosy
, _2xy+2cosy
2xy+xcosy

Example 5

Find the derivative using implicit differentiation y’e* +5x =06y
y’e* +5x =6y

d( , d
—We" +5x)=—6
b )=
e  +2ye*y +5=6y
2ye*y —6y =—y’e* -5
(Zyex - 6)y' = —( et + 5)

,__yzex +5
2ye* —6




Example 6

Use implicit differentiation to find the equation of a tangent line to the curve at the given
point. 2x* +3xy+y>=6;(1,1)

2x> +3xy+y° =6

%(2x2+3xy+y2)=%(6)
4x+3y+3xy"+2yy" =0
3xy"+2yy =—4x-3y
(Bx+2y)y =—(4x+3y)

,  4x+3y

__3x+2y

A +3()  4+3 7
T U3Mm+2)  3+2 5

7
y-1= 5(x 1)
y—1=—13c+Z
5 5
7 12
y=——x+—




Example 7

Use implicit differentiation to find the equation of a tangent line to the curve at the given
point. x> —xy+y>=1;(1,1)

X —xy+y>=1
d(, 2y d
— W —xy+y )J=—(0
dx( xy+y?) dx()
2x—y—xy +2yy'=0
—xy' +2yy =-2x+y
(2y—x)y'=y-2x
, —2x
y=2"=

2y —x

_1=-2)  —-1

m= = =
2(h-1 1

y—1=-1(x-1)
y—1l=-x+1
y=—x+2

Example 8
Find the derivative using implicit differentiation 2sin xcosy =1

2sinxcosy =1

d d
—I(2sinxcosy)=—A(1
dx( y) Ry

2cos xcos y —2sin yy'ysinx =0
—2sinxsin yy’ = —2cos xcos y
, —2C0SXCOSYy
Yy =
—2sin xsin y

y’ =cotxcoty




Example 9

) .. ody .

Find the derivative d_ using implicit differentiation.
X

sinx+4cos3y=1

Find the derivative

d . d

— (sinx+4cos3y)=—:(l
dx( y) 0

COSX — 4sin3y(3)ﬂ =0
dx

cosx—12sin3yﬂ =0
dx

- 125in3yQ =—CoSsXx

dx
dy _ —cosx
dx  —12sin3y
dy _ cosx
dx 12sin3y
Example 10

Find the derivative by implicit differentiation and find the slope of the tangent to the
curve at the given point.

x*—y'=0: (1)

d(; s\ d
= =y)==(0
d( y’) dx()
32 -3y2 2 ¢
ydx
SZQ —3x?
dx
dy _=3x* __dy_y’ 1




Example 11

Find the derivative using implicit differentiation, and evaluate the derivative at the
indicated point

xy?=6:(6,1)
= =—(6
~-lw?)=--(6)
y +x(2y) 2 =0
dx
dy
24 2xy—=0
y xydx
dy 2
2xy—> =—
dx Y
dy __ Yy
dx 2xy
dy__ ¥y
dx 2x
dy 1 1

x| 26) 12




Example 12
Famous Curves

Find the slope of the tangent line to the graph at the point (2,2)

Cissoid: (4—x)y* = x°

(4-x)y? =x°

d d

_4_ 2:_3

dx[( x)y o

d 2 d 2 2
L a-x)y? + L2 (4-x)=3
dx( x)y dxy( x)=3x

(=1)y* +2yy"(4 — x) =32
—y2+2y(4-x)y" =3x"
8y —2xy)y’ = y* +3x
, y? +3x?
8y —2xy

2 2 2 2
At (2,2):y,:y +3x _ 2°+3-2 :4+12:E:2
8y—2xy 8(2)—-2(2)(2) 16-8 8




