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Bézout’s Theorem tells us how to correctly count the number of 
intersection points of two algebraic curves, including intersection 
multiplicity and points at infinity.  Our paper presents a detailed 
expository proof based on commutative ring theory.  We follow the 
outline given as an extended problem set in Appendix A of Rational 
Points on Elliptic Curves by Joseph Silverman and John Tate. 

Bézout’s Theorem 

     𝑰𝑰 𝑰𝟏 𝒙,𝒚 ,𝑰𝟐 𝒙,𝒚 ∈ 𝒌 𝒙,𝒚  and 𝑪𝟏 = 𝓩 𝑭𝟏 ,𝑪𝟐 = 𝓩(𝑭𝟐) 

       then  ∑ 𝑰 𝑪𝟏 ∩ 𝑪𝟐,𝑷𝒊 = 𝒏𝟏𝒏𝟐 
𝑷𝝐𝝐  

Let k be an algebraically closed field, 𝑹 = 𝒌[𝒙,𝒚]  the ring of 
polynomials in two variables over the field, then 𝑰 = (𝑰𝟏,𝑰𝟐) is the 
ideal in 𝑹 generated by 𝑰𝟏,𝑰𝟐.  Then the function field of R is given 
by: 

𝑲 = {𝝓 = 𝑰/𝒈 |𝑰,𝒈 ∈ 𝑹} 
  

Then for 𝑷 𝝐 𝔸𝟐, the localization of R  at P  is given as 
  

𝓞𝑷 =
𝑰
𝒈

 𝝐 𝑲 𝒈(𝑷) ≠ 𝟎} 
  

Then 𝑴𝑷 = 𝝓 𝝐 𝓞𝑷  𝝓 𝑷 = 𝟎  is the kernel of the evaluation map 
from 𝓞𝑷 → 𝒌.  Note that if 𝝓 ∉ 𝑴𝑷 then 𝝓 is a unit. 

Now define 𝑰𝑷 = 𝝓𝟏𝑰𝟏 + 𝝓𝟐𝑰𝟐  , the ideal in 𝓞𝑷 generated by  
𝑰𝟏,𝑰𝟐.  Then the intersection multiplicity at the point P  is 
  

𝑰 𝑪𝟏 ∩ 𝑪𝟐 ∩ 𝔸𝟐 = 𝒅𝒊𝒅(
𝓞𝑷

𝑰𝑷
) 

Our method of proof development was to solve, one-by-one, the exercises in 
Silverman and Tate’s outline.  For many of these steps it was first necessary to study 
the related background material on algebraic curves, projective space and 
commutative ring theory.  It was also necessary to invent several functions 
satisfying certain properties given in the outline.  One important example was the 
discovery of the set of polynomials:  𝒉𝒊 𝒙,𝒚 = ∏ (𝒙−𝒙𝒋)

(𝒙𝒊−𝒙𝒋)
𝒅
𝒋≠𝒊 ;𝑷𝒌 = (𝒙𝒌,𝒚𝒌) 

 

 

 

 

 

 

These polynomials are linearly independent modulo 𝑰𝟏,𝑰𝟐 establishing the 
minimum dimension of 𝑹/(𝑰𝟐,𝑰𝟐) ≥ 𝒏𝟏𝒏𝟐. 
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We successfully developed a proof of Bézout’s Theorem based on 
Silverman and Tate’s outline.  This work also served as an 
introduction to commutative ring theory, in particular the 
following subject areas: 

• Ideals and quotient rings 

• Multiplicative systems and localization 

• Gröbner bases and polynomial reduction 

We were able to derive many examples illustrating the general 
theorems employed in the proof. 

We plan to extend the exposition, background and examples in 
our proof with the objective of submitting it for publication. 
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Example  

(1)  For curves with no intersection at infinity prove  
 

# 𝑪𝟏 ∩ 𝑪𝟐 ≤ 𝒅𝒊𝒅
𝑹

(𝑰𝟏,𝑰𝟐)
≤ 𝒏𝟏𝒏𝟐 

(2) Show that 𝒅𝒊𝒅 𝑹
(𝑰𝟏,𝑰𝟐)

≥ 𝒏𝟏𝒏𝟐 establishing equality.  We show 
  

𝑹𝒅
𝑾𝒅

⊂
𝑹

𝑰𝟏,𝑰𝟐
 𝒂𝒏𝒅 𝒅𝒊𝒅

𝑹𝒅
𝑾𝒅

= 𝒏𝟏𝒏𝟐 
  

(3) Take intersection multiplicity into account by proving 

 

�𝑰 𝑪𝟏,𝑪𝟐,𝑷 ≤ 𝒅𝒊𝒅
𝑹

(𝑰𝟏,𝑰𝟐)
𝑷𝝐𝝐

;𝝐 = 𝑪𝟏 ∩ 𝑪𝟐 ∩ 𝔸𝟐 

(4) Show that (3) is an equality by proving that  𝑹
𝒌𝒌𝒌 𝜶

= 𝑹
(𝑰𝟏,𝑰𝟐)

 
  

𝜶:𝑹 →�𝓞𝑷/𝑰𝑷
𝑷𝝐𝝐

;𝜶 𝑰 = (… , 𝑰 𝒅𝒎𝒅 𝑰𝑷, … ) 

(5) Show that these results are valid for all 𝑷 𝝐 ℙ𝟐, including points at infinity, by 
extending our algebraic  definitions to homogenous polynomials, in particular, 
  

𝓞𝑷 =
𝑭 𝝐,𝒀,𝒁
𝑮 𝝐,𝒀,𝒁

 𝒅𝒌𝒈 𝑭 = 𝒅𝒌𝒈 𝑮 ,𝑮(𝑷) ≠ 𝟎} 
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